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AFTER SIX YEARS OF WAR 


Alter an interval of six years the Polish Physical Society resumes 
its activities aiming, as before the War, at the encouragement of 
physical research in this country. ACTA PHYSICA POLONICA, the 
Society’s official organ, are called again to existence. 

On the threshold of this new period we should realize what 
losses the science of physics had to suffer in Poland during the most 
terrible of all wars in which this country ever took part. In the first 
place we should consider death's heavy toll taken from among 
scientific workers, all the more regrettable, as in many cases they 
were victims of furious brutality of the enemy, who: striving for the 
total destruction of the Polish nation persecuted our most eminent 
men with particular vehemence. 

. Here is the list of members of the Polish Physical ን na 
other Polish physicists deceased since the outbreak of the War. | ጋኒ 

Edward 6 8 1 6 ፲, professor of physical chemistry, Stephen Ba- E 
thory University, Wilno, died in Wilno, 1945. : 

. Mieczyslaw Centnerszwer, professor of Ro 2 በ. " 8 | 
first in Riga, later in Warsaw, a prominent representative of that. | 
branch of science, author of many scientific works and several hand- 
books, active member of the Polish Academy of Science and Letters; A 
has been assassinated in Warsaw on July 27, 1944. . PoE n 

እ Jan Cichocki, Ph. D., assistant at the university | of Poznań, 2 

` lately at the Institute of Experimental Physics of the University. 0 
Warsaw, had worked in Paris with Prof. J. Perrin and M. 

` Broglie; in the last years before the War he worked « on u 
of nuclear physics. ZM MP Me 
Bernard Czemp lik, Ph. "Ds PEL. in physics at the Polis i 
Medical Department. in Edinburgh, died in autumn 1944. 7 ROZ 
Ludwik D a D rowski, M. Pass ut ge the 9 


i , Physical ld orn ior. Mor n Ee 
1] text-boo ks, Er of. ‚Ihe : 


` Lejb Dawid Herszman, M. Phys., assistant to Prof. H. Ni ie- 
EN odni ር28 ń ski at the ELM p z ANA at Wee com- 


Stanislaw D o bi ńs ki, Ph. D., lecturer (docent) in experimental 
physics at the Jagellonian University in Cracow and the University 
of Poznan, had ት ርር] with Prof. Sir George Thomson in London, 
published papers on different. topics especially on diffraction of 


` electrons and structure of metallic surfaces; as an officer of the Army 


Reserve, he died of his wounds neceived in the first days of the War 
in the defense of Warsaw. | | 

Dobieslaw Doborzynski, Ph. D. lecturer (docent) in ex- 
perimental physics at the Jagellonian University in Cracow,* worked 
on the polarization of dielectric media, later, after studies under Prof. 
W. H Keesom at Leyden, also specialized in low temperatures; 
look part in the War as an officer of the Army Reserve, was arrested 
first in the famous man-trap arranged by the Germans against the 
Cracow professors in November 1939; in 1942 he was arrested once 
more, condemned to death, and executed. . 

Gustaw Doborzyński, Ph. D. teacher of mathematics and 
physics in Warsaw. ን 

Jadwiga F alko wska, teacher of physics 81 the famous lyceum 


at Krzemieniec, formerly assistant at the ię żę Institute o the 
Stephen Bathory University, Wilno. 


Hd. . Henryk Herszfinkiel, Ph. D., callaborator of the late Prof. 
Es w ertenstein in Warsaw, worked on radioactivity. 


ko u 


3 


Juda Kreisler, Ph. D., assistant to Prof. W. Rubinowicz 
at the John Casimir University, Lwów. 

Stefan Kreutz, professor of mineralogy at the Jagellonian | 
^ University, Cracow, active member of the «Polish Academy of Science 
and Letters, died in 1941. 

Tadeusz Kuczynski, professor of physical chemistry at the 
High Technical School, Lwów, murdered by the Germans in 1941. 

Hilary Lachs, professor of physical chemistry at the Free 
University, Warsaw. i 

Andrzej Łastowiecki, Ph. D., assistant do Prof. S. Loria 
at the John Casimir University, Lwów. 

Myron Mathisson, Ph. D., lecturer (docent) in natural philo- 
sophy at the University of Warsaw, author of works on relativity = 
quantum mechanics, died in Cambridge, 1940. 

Tadeusz Modzelewski, electrical engineer, assassinated [Dy 
the Germans during the Warsaw Insurection, 1944. 

Tadeusz Na y der, Ph. D., teacher of physics at the School of 
Industry, Cracow, formerly am at the Physical Laboratory of | 
the Jagellonian University, Cracow, author of some experimental uv. 
‚works, died in Cracow, 1945. m SĘ 

Jozef Patkowski, professor of experimental physics at the 
. Stephen Bathory University, Wilno, author of works on radioactivity —— 
as well as on band spectra (isotope effect); the latter were partly. 
executed at Newcastle in collaboration with Prof. W. E. Cu DS s) 
the last years before the War he filled the post of director of the — 
Department of Science, Letters and Academic Schools in the Ministry | 

of Education; fell a victim olus an air-bombardment .of Rae Qu 
d tember, 1943. 


j 


ihe High Technical School, en Sz». 
Antoni Przeborski, Ph. D., a a some 
orks on Bars iue 


Zofia Rotszajn, Ph. D., formerly teacher of physics in sec- 
ondary schools in Warsaw. 

Aleksander Sikora, M. Phys., pupil and assistant of Prof. 5. 
Pienkowski, University of Warsaw, killed at Katyn. 

Ireneusz Ślusarczyk, M. Phys., pupil and for a time assistant 
of Prof. SS Piet kowsk i, University of Warsaw, worked af terwards 
in the State Meteorological Institute and published papers on meteoro- 
logy; died in the concentration camp of Majdanek. 

Zdzislaw Specht, Phil. D., assistant to Prof. S. Lor $a at the 
John Casimir University, Lwów, died in 1943. 

Oskar Stelman, assistant to Prof. M. Grotowski at the 
Free University, Warsaw. 

Leon Stepinski, teacher of physics ይ chemistry in second- 
ary schools, Wilno. 

Karol Szlenker, Ph. D., pupil of W. Roentgen, specialized 
in optics, assassinated by the Germans during the Warsaw Insurection; 
1944. 

Witold Tryls ki, M. Phys., hanged by the Germans in Warsaw 
in 1943 as one of fifty hostages. 

Tadeusz Tucholski, Ph. D., lecturer (docent) in chemistry- 
of explosives at the High Technical School, Warsaw, pupil and col- 
laborator of the late Prof. S. Kalandyk, University of Poznan; 
1934/35 worked with Prof. Rideal in the Department of Colloid 
Science in Cambridge on deuterium; took part in the campaign of 
1939 as officer of the Army Reserve, killed at Katyn. 


Ludwik Wertenstein, -professor of physics at the Free 
University in Warsaw and Łódź, director of the Radiological Labo- 
ratory of the Warsaw Scientific Society, pupil of Mme Curie, 
also worked with Lord Rutherford in Cambridge, published 
many „scientific works mainly on natural and artificial radio- 
. activity; a prominent teacher, he was also a gifted writer of 
popular. books on scientific topics; having translated into Polish Mme 
Curie’s «Radioactivity» he supplemented it with a valuable appendix 
written by himself. Killed on January 18, 1945 by a shell splinter in 


. Budapest, where he had taken refuge from German persecutions in. 
Poland. 


Bruno Winawer, Ph. D., pupil of P. Lenard, sometime 
assistant to Prof. J. Kowalski, University of Warsaw, distinguished. 
Polish comedian, whose plays have been translated into many lan- 


guages, he was also well known as speaker by radio and writer of 
popular articles on scientific topics. 


5 


Mojsiej Z y w, Ph. D., collaborator of the late Prof. L. W er- 
tenstein. Published works on radioactivity; together with Danysz 


he discovered Radiofluorine z F), perished at the slaughter of the 


Warsaw Ghetto; 1943. 


* ¥ 


The above brief mentions cannot give but an inadequate picture 
of the importance of our losses. The works of many members of our 

Society whose names appears on this list deserve fuller appreciation. 

Their merits will be better considered in commemorative notes to 
appear later. 

Besides personal Wes also the damage to scientific equipment 
is enormous. Of all Polish physical institutions which were working 
before the War the following are deemed to exist, though as a matter 
of fact their existence in many cases is more nominal than real. 
(1) Warsaw: The Institute of Experimental Physics of the Univer- 
sity, the Experimental Laboratory under the supervision of the pro- 
fessor of natural philosophy, two physical institutes of the High 
Technical School, the Radiological Laboratory of the Warsaw Scien- 
tific Society, and the Geophysical Observatory at Swider. (2) Cracow: 

“The Physical Institute of the Jagellonian. University and the  - 
Physical Institute of the Mining Academy. The Physical Institute sd 
-of the Jagellonian University — founded at the end of the XVIILth LT 
century — is the most ancient physical institution in Poland and + „238 
has been rendered famous in the past by men like Zygmunt W ró- E 
blewski, August Witkowski and Marian Smoluchowski. RN 

(5) Poznań: Three physical institutes, of which two belong to the | 
Faculty of Science, the third to the Faculty of Medicine of the 
University of Poznan. | 

The best equipped of the above was the excellently appointed 
Institute of Experimental Physics "of the Warsaw University, from | 
which a great number of works — chiefly concerning molecular | 8 
optics — appeared during the twenty years preceding the War. In theni 
field of photoluminescence the Institute enjoyed world-wide renown. | 

` Now, it has practically ceased to exist. Only the building remains, but . 
it requires important renovation. All the precious apparatini and 

6 ከል have been robbed by the Germans. DR 

| - The laboratory associated with the chair of natural AKA 

; has been er hupi ی‎ Other ATI laboratori 
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The Institute of the Jagellonian University in Cracow DE im 
saving its valuable collection of books. 

It is clear that in the present position all activities shall have 
to concentrate on teaching and organization, whereas research work 
shall have for a time to be restrained from almost completely. One 
must also reckon with the fact that not only purely scientific insti- 
tutions have been heavily damaged, but also the manufacture of 
products indispensable for experimental investigation has badly suf- 
fered. The chemical, optical, and electrical industries as well as 
ordinary mechanical workshops are in a state of utter devastation, 
and besides they cannot get supplies of the most important materials. 

All those difficulties and hindrances shall not discourage us. We 
shall spare no effort towards the restitution of conditions required 
for the mormal development of physics in this contry. Science im 
Poland had already passed through many a difficult crisis and every 
time succeeded to emerge to a new and more successful existence. 
We firmly believe that now again we shall manage to attain our goal, 
if we only get due help (which was many times promised) either in 
the form of indemnities or in friendly loans or gifts from abroad. 
` A certain quantity of books has been already gladly received. We hope 
that the present will contribute to the conviction, xy the help wilk 
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RELATIVISTIC DYNAMICS OF SPIN-FLUIDS AND 
SPIN-PARTICLES * 


By Jan WEYSSENHOFF and A. RAABE I; Institute of Theoretical 
Physics, Jagellonian University, Kraków ** 


1. Following up a train of thought inaugurated by Einstein 
and Gromer, Mathisson (1, 1937) and Lubanski (2, 1937) 
deduced the equation of motion of a material particle endowed with 
spin from the general principles of the theory of relativity. Even for 
a free particle in Galileian domains these equations do not coincide 
-with the Newtonian laws of motion; there remains an additional term 
depending on the internal angular momentum or spin of the particle, 
which raises the order of these differential equations to three. 


 Mathissom did not notice the fact that for the above conditions = 


his equations are equivalent to the equations which were pr eviously 
found by Frenkel (3, 1926) for-a spinning electron Gf only their 


terms depending on the electromagnetic field are dropped). This is — 
all the more excusable as Frenkel considered throughout the | 


additional term in his equations as an infinitely small perturbation, A 

and did not even mention the fact that they disagree. with. A Sí 

First Law for a free particle. - y 
۱ - (ከ6 RA wał we give a third method Lot obli 
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In Sections 2—4 we develop the dynamics of a spin-fluid by 
a method similar to that usually applied in the reliativistic dynamics 
of incoherent matter (without internal angular momentum), the main 
difference consisting in the assumed asymmetry of the energy tensor 
Ta? In Section 5 we obtain the Frenkel-Mathisson equations by 
integrating the equations of motion of a spin-fluid over am infinitely 
small element of volume. In. Section 6 we show that the most general 
motion of a free spin-particle in Galileian domains, where the special 
theory of relativity prevails, is a relativistic superposition of a trans- 
lation ànd a uniform circular motion. Mathisson proved the same 
result for the non-relastivistic case only. Finally, in Section 7 we 
write down the equations of motion of a spin-particle with an electric 
charge and a magnetic moment moving in an electromagnetic field. 

2. We base the dynamics of a spin-fluid in the special theory of 
relativity on two fundamental principles: the principle of conservation 
of energy and linear monumentum, and the principle of conservation 
of angular momentum. By spin-fluid we mean a fluid each element of 
which possesses besides energy and linear momentum also a certain 
amount of angular momentum, proportional — just as the energy and 
the linear momentum — to the volume of the element. 

We represent the density of angular momentum per unit rest- 
volume* by the four-dimensional bivector (antisymmetric tensor of 
rank two) S5. Its three space components form a three-dimensional 
vector : 


Sess | 55. g31, 591۱ 3 (1) 


equal in the coordinate system in which the fluid momentary rests 
to the three-dimensional density of angular momentum. Its three 
space-time components form also a three-dimensional vector, which 
we shall denote by 


የየ፦- [ql4 D 
qos Es REALI (1) 


We shall assume that this vecor vanishes in the rest-system X, of the 
iluid. The four-dimensional tensor expression of that condition is? 


Se ugs Os ! (2) 


* The element of rest-volume d V, is defined as the element of the three- 
dimensional orthogonal cross-section of a world-tube. Multiplied by (c and) the 
element of proper time along this world-tube, ኳ it yields the four-dimensional 
element of volume በ0 = dx'dx?dx?dx4* = dVdx*— cdVdt=cdV, dt. Hence 
8*= 01/0 = 1/۱1 - 8? = d Vofd V, where ¢ = ኘ/ር. ነ 

۶ With regard to the notations used, we observe what follows. Greek indices 
take the values 1 to 4, latin 1 to 3. Zero is never used, as a tensorial index, as 
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as Uk=50 in X, and of the fourfold sum there remains only the 
term situ,, the vanishing of which yields s^ = qi — o, 

The vectors $ and q transform in the same manner as the 
magnetic and electric field intensities, or the magnetic and electric 
dipole moments. The condition (2) for a magneto-electric moment 
amounts to the condition that this moment should be «purely ma- 
gnetic», i. e., that its electric component should vanish in the coordi- 
nate-system in which the element of volume is momentary at rest. 

We may also write equation (2) in three-dimensional vector 
form, as follows: 


D 
Qe xX S, (2) 


the fourth equation q - Y — o being a consequence thereof. 
We express now the law of conservation of energy and mo- 
mentum in the familiar form 


95 iss == (), (3) 
where ፲ is the momentum-energy tensor. However, in ‘contra- 
distinction to what has been done hitherto, we do not assume the 
symmetry of the tensor ፲”, as this symmetry — as will be presently 
shown,— is equivalent to the vanishing of the intrinsic angular mo- 
mentum 5*. Instead of writing T*= w u*uf as usual for incoherent 


matter, we put more generally 
et E ۰ ` ^ ۱ 


Peru, = E 


Where g* is the four-vector of the proper.density of linear momentum 2 | 


y 


it is reserved for special uses, e. g. for labelling quantities in the rest system 
(or else for initial values, etc.). blica with a circumflex accent are used to M 
denote three-dimensional vectors (the circumflex accent is less used than the re 
horizontal arrow, but it is more conyenient in print as well as in writing; it ' 
may be conceived as an arrow pointing upwards). 2, is short for ©/0x*. The | 
signature of the Minkowski spaceistaken to be ተተ-ተ-፦› i.e. gu = حووق‎ Sss =l, ——| 
ورتو‎ = — 1, gap = 0 (+= 85 consequently raising and lowering ofthe index 4 changes 
the sign. x‘= ct, ds? — — c?d:*, dr is the element of the proper time along. the 
world-line of matter; u% = dx^;d: is the four-dimensional velocity. — As far as - 
| possible we follow the general rule that all the components of any four-dimen- - 
'sional tensor should have the same dimension, this dimension being also the same | 
as that of the three-dimensional quantity after which the tensor has been called. Ea 
` "Thus all the four-dimensional formulae become as similar as possible to the 
| corresponding three- dimensional ones, and wherever c has been put equal ۱ tol * 
to mo calculations easier, it is quite رد‎ to restore it on dimensional homo: 
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and energy. O course, We do not postulate a priori that g* is pa- 
rallel to u*. 

Taking into account the relation BB i the components of a 
and of the three-dimensional density of linear momentum ۵ و 9و9 اک‎ 
we may write 


pl. ۱ | (5) 


Inserting (5) in (3), we get [ከይ familar equations expressing 
the conservation of linear momentum and enerey in the relativistic 
dynamics of continuous media. 

It seems worth mentioning that (a) we assume (3) but not 
` 8$, T — o, a relation which is identical with (3) in the case of a sym- 
| metric T*, and (b), by interpreting ¥ in (5) as representing the velocity 
a . Of the fluid, we assume that the energy does not llow in the rest- 
. system of the fluid. 

3. Before proceeding further, we shall put the equations (3) and 
(4) together into a new form. In the non-relativistic dynamics of 
| continuous media two. SEE differentiations with respect to the 
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We now define two analogous operators in the Minkowski 
space M,: 


df=f=woaf ያ (X X NS E (9) 
D,f — d,f + fo,u' = 9, (fw). (10). 


The first one reduces to the usual derivative with respect to the proper: 

time t if we define a new function f(x) taking the same values 

as f(x?) on the world-line of the particle; we shall denote it also by 

. a dot over the letter. The derivative defined in (10) appears in the 
following four-dimensional formula, analogous to-the three-dimen- 

sional formula (8): 
d. (£d) « (DD da, (11) 


where 10 is the four-dimensoinal element of volume dx! dx? dx? dx“. 
By expressing dQ as a product of the element of proper time dt and. 
the element of proper volume dV, we get from (1D. a new formula, 
which we shall need in section 5, ues 


Baer gu ጠ 
It can be verified without trouble that ۲ ን RN : 
D, gi Sh Es (13) Ay 
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express the symmetry of the energy tensor T**. In the case ot lack 
of that symmetry other equations must appear to fix the antisym- 
metrical components of T**. This role is taken over by the generalized 
law of conservation of angular momentum, which may be obviously 
stated as follows: 


D, (x*g — xf g") + D,s*% — o. (16) 
The first term refers to the density of external angular momentum, 
i. e. to the moment of linear momentum density; the second to the 
density of internal angular momentum or spin. Now, applying the 
following general rule (which is an immediate consequence of the 
equations of definition (9) and. (10)): 


D, (£g) — fD.g + gd,f = fd.g+ gD,f, (17) 


- and taking into account (15), we may write instead of (16) 


t 


Dé — TH — TH = gt a gów. = al 


Thus, the existence of the internal A momentum is con- 
nected with the asymmetry of the energy tensor. It is also connected 


with the existence of a transversal linear momentum, i. e, of a com- . 
ponent of the 4-vector of linear momentum density g* perpendicular 


(in M,) to the four-dimensional velocity u* this last result being a con- 
۱ quence of what follows.. 
ባጭ Tne atid putting 


(19) ' 


following relation between the 4-vectors of ger momentum. ee 


16007. uz, and acceleration ur. 
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Putting 
i =/gd Vo ^ (21): 
ሥ” ; sob = s*Pd V, 9 22, 
e and ; : | ር 
| nah. 20). 
we get thus oe E 
è S*% ug = o, (24). 
(e 0, == : ۱ (25) 
558 = G*uf — GPu*, Ho 
-G*=m,u* dun E Stig : | (21) = 
where | | F 
Mp = — gz ugG*. | (28): JEŻ 


As before, equation (27) follows from (26) by: multiplying it by 
u; and taking into account (28) and the once differentiated relation: E 
(24). : > ey a 

Thanks to (27), we may eliminate G from the two preceding, 39 
መ and write = : : 


3 mail nue So > zx. ZLY 


ES 0 al ‚si, „uł — Si uć Se 
| "n Q9) the term sei , has o dropped as it may E ۱ 
en vanish, by mmt n WL (26) by. Ug and taking gee 
ugi = o and ناوت‎ =o 85 a consequence of (27). 
The equations (29) and (30) are Mathi 5 
.. referred to above in the introduction. They. coincide 
dd e zs motion of a Sm elect ron 
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Hence, m, is a constant, and it may be rightly «called «rest-mass of 
the spin-particle». 
Equation (26) multiplied by S yields, owing to (24), SSÊ =o, 
and hence ; | 
Saß sé=5S.S—0-0=S),? = const. (32) 


Here S=(S?, S31, S?! is the three-dimensional vector of internal an- 
gular tn gł the particle and Q = ($4 $24, 5#*1. Hence, the 
magnitude of the internal angular momentum in the restsystem of the 
. particle is constant. 

By (25), G* of a free particle is constant, and the same applies 
to M, vigor we jntroduce by the following relation 


G, G* = — Me? c? (33) 


E 
| 
3 
3 
> 


en G* is a time-like vector, Mo is a real constant (which we 
may assume to be positive). 

6.Mathisson (4, 1957) has succeded in integrating the equa- 
tions of motion of a free particle only in the «non-relativistic» case, 3 
when v — but not a, the acceleration — is treated as an infinitesimal 
juamtity. We are now going to show that the equations (24) —(27) : 
yy be exactly integrated in the general case, the only assumption - ; 
1 


pur M ማም 


Lite 


eeded being the time-like character of the four-vector G*. We may 
ind an inertial frame of reference, 2e, in which G vanishes; we 
all it ŚR system of the circle». In that system posce = 1) 


 ር> (GG, G*] =o. “=M, 0 a 
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-Equations (27), (32) and (35) yield now . 
m,u* -+ Sk ú= O. 


Transforming the derivatives with respect to the proper time 
into the derivatives with respect to t, taking into account (36), and 
inserting c back again, we get finally 


Mavi 4 Sira, =e, (39) 
or in vector form | 


MS + a x $=o. | (30) - 


These linear differential equations can be ር without: ۱ 

trouble, but the result may also directly be seen from (39): the motion NE. 

- takes place in a plane perpendicular to the constant $, the magnitude = ^. 
- of the acceleration (perpendicular to S) being constant and equal to 

M, c? y 7 | — 

Se j Sz አፈወ” > | 


4 It is therefore a uniform motion along a circle with the angular Y 
de pecety ; | 


መን qM „mące = da 
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inertial system the motion is a relativistic superposition of such a mo- 
tion with a uniform translation. | ; : | 

7. To write down the equations of motion of the spin-particle - 
in an electromagnetic field we must take into account the force acting. 
on such a particle in an electromagnetic field as well as the torque . 1 
exerted by the field on the particle, this last being the limit of the 3 
moment of all the forces acting on a small magnet when the size of the | 
magnet tends to zero. We assume, of course, that the particle has an | 
electric, charge, e, and a «purely magnetic» magnetoelectric. moment, : - 
„°P, connected with the three-dimensional magnetic moment f and. Í 
electric moment 7, as follows: 


(23, 81, 1112 d = û, [ኮሜ pas, p. | (44). 
We know already that the moment is «purely magnetic» when | 
EO AN 


Let the electromagnetic field pé given in the usual way by the 
bivector (skew-symmetrical tensor of rank two) F,;, connected with. 
the aes Rd H and the electric intensity E, as follows: bs 


“ሙነ ። 
I d ፈ 


PR > ROMA Es Fa Fa] Br 18 are (46) ው 


a s ü Ad E; the SE energy : ol a mne doa M 
3 xis field can bs then expressed by the simple formula (with me m 
siam before each of ines two terms on the DER hand, mon 3 
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representing the relativistic generalization of the force acting on 
a magnetoelectric dipole in an electromagnetic field. The space com- 
ponents of the 4-vector (50) form a 3-vector 


VOD EV RB e GV BHR: Eq esti )51( 


where only the vectors A and E (as space-time functions) but not 
b and € are subject to differentiation. In a magnetostatic field only 
the first term on the right-hand side remains; it represents then the 
usual expression of the «Stern-Gerlach force». * 

Thus, from (25), we obtain 


; e 1 AA ; 
| Ga = "لاور 1ج‎ TW SES. | (52) 
In like manner, equation (26) has to be supplemented by the 
four-dimensional expression of the torque exerted by the electro- 
magnetic field on a magnetoelectric dipole, namely * 


Nag = Hao E gs Fa (53) 
(Ness Nai Ni ] = f x A+ EXE, (No Nos Nog] = — 5 «4-8 XE. (64) 


We get thus instead of (26) 


Sa = G,ug — Gau, + Poo Ff — peo Ez. (55) 


In Section 3 we have deduced from (26) the expression (27) 
for the linear momentum, after having introduced the invariant mass 
m, by (28); this mass remains constant along the world-line of the - 
Ele in virtue of the equations of motion of a free particle. In an 
electromagnetic field, m, is not constant in general, but m, may be 
expressed as the ን with-respect to the proper time t of the, - 
expression — F,„p'*/2c*; we can therefore introduce a new constant 


1 GROZA : roe 
Moo = — cs Gu? + 267! Ń == My T agi aż Ba (56) 


which reduces to m, in field-free space. | ۱ ን 
Multiplying (55) by u? and taking into ac codi (56), (45) and PAS 2 
the ‘equation resulting from (24) on differentiation with respect 


6 Cf,e.g, J. Frenkel, Lehrbuch 6۳ II (Berlin, 1926), p. 91; nt ۳ 
7 We follow the very convenient rule that — if not otherwise indicated — al 


t Acta Physica Polónica 3 . M : او‎ P A^ 


by dots — the lower, covariant, indices have always to be considered as pre- F: Y 


p 1 ceding the upper, contravariant, ones, for example = A Da ==፲ ab WE 
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to z, we get the following expression for the linear momentum of the 
particle in an electromagnetic field 


| (57) 
ds The coefficient of u, is the sum of the constant mas * m,, (not 
depending on the field) and an additional mass corresponding to the 
potential energy of the dipole in the electromagnetic field. 
The, equations (52), (55) and (56), together with the expression 
(57), which is a consequence thereof, are ። ከ ከ to Frenkels - | 
s equations (21) and (13a). | c 
Equation (57) may be also written as A | 


MA) ር LU D 
| ) (m — gg tef" e + as "و‎ Up: 


prie tees = S, i Es Meola) FP. (67) 2am 
i 3 


| 8. Mathisson has noticed allready that the EN, (41) E 
E ; - becomes identical with the frequency of Schrödingers Zitter- ۰ ۰ 
‚bewegung of a Dirac electron if we put S, = h/2 and m, equal to the | 

| mass oł an electron. This agreement, RA is only valid in the 
non-relativistic case. ፒ u zag 

SA | 581 another detail points to the fact that the spin -particle as 
oe Tuer as well as by NU UN On x abc Mathisson. 2 


a result whieh is S obviously contradicted hy experiment. 


a i 


vol. IX (1947) Acta Physica Polonica Fasc. 1 


RELATIVISTIC DYNAMICS OF SPIN-PARTICLES MOVING 
WITH THE VELOCITY OF LIGHT* 


By Jan WEYSSENHOFF and A. RAABE: +, Institute of Theoretical 
Physics, Jagellonian University, Krakow. 


1. In the preceding paper we have deduced the equations of 
motion of a spin-particle moving with a velocity v smaller than that 
of light, c. We shall now consider the equations of motion of a spin- 
particle moving with the velocity of light. Though this last case may 
be conceived in a certain sense, which will be specified later, as 
a limiting case of the former, it presents many distinctive features 

. and, in any case, it is not simply the limiting case of the former when 
v tends to c at constant proper mass m, and constant proper angular 
momentum * sẹ From the point of view of the theory of relativity jit 
constitutes by itself an interesting and hitherto not contemplated 
example of a set of differential equations leading to a curvilinear 
motion with the velocity of light; however, the most interesting feature 
of such a motion is apparently its close analogy with the behaviour 
of Diracs quantum-mechanical electron.. 

2. Henceforth we shall refer to the motion of a spin particle 
with a velocity smaller than that of light as the first case; by second 
case we shall understand the motion of a spin particle with a velocity. 
changing in direction but having invariably the same magnitude c. 
To obtain the equations of motion of a particle in the second case 
in a four-dimensional form, we must, first of all, change the parameter ۳ 
along the world-line of the particle from z, the proper time, to an — | 
arbitrary new parameter p, leaving the world-line of the particle unde A 
changed, and only afterwards, as the second step of the reasoning, ۱ 
we may distort the world-line in such a way as to make it everywhere | 

- tangent to the light-cone in the corresponding world-point. The world- 
line will then represent a motion of the particle with the velocity 01. 


“See the preceding paper (henceforth designated by D, references. T. 6 
and (5). ۱ 
| 1 From now on we shall denote the angular momentum of the pitis dos 
| sap and S, rapier than by 8# and 5 as in I where small TIR where. AR 


”# 
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light. The proper time does not flow any more on such a line, and 3 
we were therefore compelled to change the parameter from t to p.  ፤ 
The new arbitrary parameter p is subject only to the restriction that | 
it should grow in the direction of growing t (in any allowed coordinate- ¿ 
system). It satisfies therefore the relation 


T6350; (1) 


the equality being valid only on isotropic world-lines, i. e., in our 
` second case; primes denote differentiation with respect to p. | 
In the first case t itself is a special case of p. When passing from d 
one parameter to another, i. e, changing the parametrization on the _ 
world-line of the particle from p to p, the condition 


/ 


dp >9 Dos 


A y de 


must be satisfied. > 
9. We introduce now the 4-vector : 


AN TP 


Tas: a generalization of the four-dimensi onal. velocity, እ... does not . 3 
exist. in the second case. w*is a «4-vector depending on the parame- — 
| trization»; its four components transform like components of a 4-vector — | 


m 
= 
an, 


۲ when the coordinates are transformed without change of parametri- - 
zalion, but they are all four multiplied by a common factor dpjdp — 
ነ ‚hen that parametrization is changed. The 4-vector w* may therefore 
the role of an auxiliary mathematical. quantity, but it. cannot | 
7 Ad اور‎ meaning. 
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"We can thus characterize w* as an isotropic vector depending on the 


parametrization on the world-line of the particle but always tangent 
to that line. 

4. If we change x into p in the equations of motion I (24)— Ge 
lake into account equation (4), and multiply all the equations by t 


we get 
G”, = 0, (7) 
;— ‹5ዥኞ% (8) 
s" wę ==" 0: (9) 


Because of the homogeneity of the equations I (24)—(26) in 
the derivatives with respect to t,t has disappeared from (7)—(9), 
and equations (7)—(9) are valid not only in the first case (as alter- 
nalive expressions of the same equations of motion as I (24)— (26)), 
but also in the second case, when ۲ = 0. 

Some interesting complications arise only when we set out to 
transform im the same manner equation I (27). Taking into account 
(4), (9) and I > we get then 


۲ G* = mw* T SW (10) 


where we have put, in analogy to I (28), 
1 E | 
m= — ¿7 Wo G". l Tu 


መመ 


4 


mis«a scalar depending on the parametrization». * Equation I (27) \ 
is mo more homogeneous in the derivatives with respect to t, and 
therefore the equation for the second case, which we get from it by - | 
putting t =o, differs in form from the original equation. We find | 
namely i SN >: 


E 
q ۴ መመ ۰ ys A. 
mw* tae Ws o. | LEM. (12) es 


3 It is different from zero when G* is a time-like vector. in he first case, m 
when w* is also a time-like vector, this result is obvious. In the second case, | 5 
when w“ is isotropic, our assertion is; a consequence of the following often .. 1 
useful theorem: Any 4-vector perpendicular to an isotropic 4-vector and. not i 
parallel to it is space-like (of course, only real 4-vectors are taken into conside- 
ration). If we require as well that for s"? tending to.zero all our equation 
should. go over into the ordinary equations of spin- -less dynamics, du m wil 


A be positive. 


IN 
N 
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Though G* disappeared from (12), the equations of motion of 
an unconstrained spin-particle moving with the velocity of light can 
be generally solved, and give a result similar to that obtained in the 
first case. 

As in I, equation (12) is a consequence of (8) and (9), together 
with equation (6) which expresses the fact that the scalar velocity of 
the panticle is c. This can be shown by multiplying (8) by wË, taking 
into account equation (6) and equation (9) once differentiated. Vice 
versa, from (13) and (9) we can deduce (6) by multiplying (12) by ۰ 
Thus, if we consider (7), (8), (9) and (12) as the equations ot motion 
of a free spin-particle, they will imply as a consequence that the ve- 
locity of the particle is equal to the velocity of light. Moreover, this 
conclusion is independent of equation (7), and it will therefore prove 
also correct for a spin-particle in an electromagnetic field, for which 
equations (8), (9) and (12) remain unchanged (see Section 7 below). 

5. The time as parameter. We may avail ourselves of the 
arbitrariness in the choice of the parameter to give to the equations 
of motion a new interesting form. Let us agree to put p equal to 
t = x'[c in each allowed coordinate-system; this amounts to changing 
the parametrization at every change of the system- of coordinates in 
such a way that p should remain always equal to t in the coordinate 
system of interest. Then W* becomes 


y GRA RAG > (13) 


As it is well known, the four quantities v* do not form a 4-vector, 
neither in the ordinary sense, nor as a «4-vector depending on the 
parametrization»; they form instead à new «geometrical object» in 
M,, which we shall call «pseudovector». The components of a pseudo- 
vector would transform like components of a vector but for an addi- 
tional factor dt/dt = dx'/dx*. The magnitude of a pseudovector, for 
example Y v,x* , Or its scalar product by a vector, for example Y: Gy 
are pseudoscalars: they are multiplied by dx'dx* when the coordinates: 
are transformed from one inertial frame of reference to another. 


The equations of motion of a spin- -particle moving with the ve- 
locity of light take now the form ۱ 


G,=o, (14) 
5:8 = Ga Vg — Gs v, (15). 
gaß Vg = 0. ; (16), 
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| Though v* is not a vector, its components have simple physical 


meanings. The equations (14)—(16) are interesting in so far, as they 
give an invariant decr of the motion though they are not tensor 


equations. 


Just as before, (15) e v* and (16) once ASA 


with respect to t yield 


my” = S 0; (17) 
where SE 
"=> => 0) | a8) . A 
and t 
ትፍ 351 X uu. 
Wen GEV (19) 


is a pseudoscalar; á is the three-dimensional acceleration vector. 

6. General Solution of the Equations of Motion of a Free Spin- An 
Particle Moving with the Velocity of Light. Obviously, a rest-system, — | 
that is, an inertial system of reference in which the particle is mo- — 
mentary at rest, does not exist fora particle moving with the velocity. 
of light, nevertheless certain inertial frames of reference stand out Ts 


in p the space components of G* vanish, * AUS 


ut ۱ سل‎ መ ፡ የ i 


ax two X, AA asii: to the same. padla : 
particle on. its pam. DI Ra a a wow. ۱ 


i secon coi tas pim VIRUS. rime ES 


Zi 


1 ደው ds 4 y 23 A M LL 


e "d WES (17) in A ۱ Pear lem as follo 


-*. from among all others, those namely — we shall denote them gee Rae 


"A AN ‘of the LEN in Y = bie we y “all, as in er 
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by (19) and (20), and G* is a constant for a free particle. We can 


also put 
m'--M; ! (23) 


in 2, if we define M,, as in I, by the relation 
P 1 - 
M, += — 5 GU, : | (24) 
Thus, we can write (21) in the form 


MS +a O. - ee 


ZAŚ in I, the final result is directly evident from (25) if we 
remark that 
و‎ =(sik| const (26) 


as a consequence of (15) and (20). In the s frame of reference the 


particle revolves uniformly on a stationary circle with the angular 


velocity i - 


ላ 


ፎ 
° 


| ie linear velocity beeing, di Course, €i This formula 1 is identical idi: i 
E. T hs ee first e of I b; the two last forms ደ im I have no counter- en 


IS 


radius of the circle» —.js now ER by ZS 
is usum 


ny 5 2 
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. Finally, the equations of motion of a spin-particle moving with 
the velocity of light in an electromagnetic field given by the bivector 


Fag are 
G,= - Faw i (29) 
E S'ap = GW; Bm ) و‎ (30) 
5,5۱۷ = 0. (31) 


8. Multiplying (30) by s* and making use of (31) we obtain 
5:4 s? — o, ۱ (32) 


hence s „gs is a constant. But 8 as vanishes in a field-free space, 
- as may be easily. verified 5 from the results of Section 6, and therefore, 
in consequence of (32), it vanishes everywhere. Thus, | i 


Sag se = 0. ie (33) 


‘ er particulars vi be given in a following papers x 
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FURTHER CONTRIBUTIONS TO THE DYNAMICS OF SPIN- 
PARTICLES MOVING WITH A VELOCITY SMALLER THAN 
THAT OF LIGHT* 


By Jan WEYSSENHOFF, Institute of Theoretical Physics, Jagellonian. 
University, Kraków. 


1. In a preceding paper written with the late Mr. A. Raabe 
I worked out the equations of motion of a particle endowed with. 
spin, by considering at first the relativistic equations of motion of 
a spin fluid, and passing then to the limiting case of an infinitely small 
portion of such a fluid with infinitely large mass-density and angular- 
momentum density. These equations are equivalent to special cases ° 
of equations previously found by Frenkel and by Mathisson,. 
. - though the form of our equations is much simpler, due to the explicit 
- .. introduction of the 4-vector of linear momentum and energy G*.Here, 
>] shall outline still another method of approach to the same equations, 

a method: which is, to be sure, not so correct in principle as that of - 
at hisson, but it may pure suggestive by its conciseness and its 
elementary character. ۳ p Me tW 

| 2. Let us consider a particle possessing a da ኘ "d a pee 3 

entum G, and let us assume the validity of the laws of conser- - 
ion ME linear momentum and of epos momentum, Vine eo 


Further Contributions to the Dynamics of Spin-Particles... 21 
. angular momentum) as the vector-product of the radius-vector £ by G- 
and differentiate it with respect to the time, we get 


A 


ES فا‎ a (2) 


Thus, if G is not parallel to $, the moment of momentum is: 
not a constant of motion, as in spinless dynamics, but we can restore: 
the validity of the law of conservation of angular momentum by in- 
troducing a spin, or internal, angular momentum $, in addition to the- 
orbital, or external, angular momentum 1— f X û. To this end, we put 


$—Gx f, (3): 
and (20) goes over into 


8 oss 
FIELD EC 
that is, into the generalized law of conservation of angular momentum... 


3. Now, to obtain the Frenkel-Mathisson équations (in special 
relativity) we need only translate the equations (1) and (3) into four- 


dimensional tensor-form. Let G* —/G| W/e be the momentum-energy 
4-vector and s*? the spin bisector lanier mise tensor of rank . 4 
two). Of the two three-dimensional vectors : : 
| y ኦቿ y dy 4 

S an 5 SEP 8751. q= (81%, se, SĘ A ; i (5) R y " 


the former is the e oni spin- eins and the eite may- +4 
be considered merely as an auxiliary mathematical concept, as it can. 
e (dE always. eliminated by a use of 2d following. relation; 
> ሎሽ ን 2 1 \ * 357 1 
R k “ 1 3 mel ند‎ KISS oe | 

(C TAN z ^ i i en 


| "which is is three-dimensional | expression of the. four-dimension ۱ 
relation ۱ ۱ a 
| ር am ie 


CM in iue TT N case | 

A GG X MO Me Er 
o a a 
. + P 1 : a ጅ። ኳ D E H እ, 


dition that the magneto-electric dipol 
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should vanish in the coordinate system in which the particle momen- E 


tary rests (uk =o, k — 1, 2, 3). 
Incidentally, it may be noticed that 


nu d (9) 3 
is the condition that u* should be «purely electric», i. e., that the 3 


magnetic moment اکن‎ u, ®", ۳ vanish in the rest-system of 


the particle. 
Obviously, the four- el generalizations o of (1) and (3) are 


: now z . pare i 
er | a ۱ 00 
ve UG oy ۱ 


SA the dot OE differentiation with respect to the proper 1 
time d ۲ j QU. 
de As | in I, (11) multiplied by ug a RR M 


ያ. ”ም።፡‏ دک را کچ 


29; 
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To restore ibo validity of the law of conservation af angular mo- 


mentum, we must put therefore, instead of (3), 
—Gx$-4-N, - (18) 
(19) 


and equation (4) takes the form 
۶ 0+ 9 وج‎ xÊF +K. 


The translation of these equations into tensor language and the 


four-dimensional generalizations of F and N were given in I, Sec- 
tion 7, where eventually the following equations have been obtained: 
= (20), 


s A € l a 1 pow 2 
> Gi 3 ር Piu TE 9 pe 9, sa mda 
i (21). 


5 = ES ous Yon Gen, + plas FE = Peo a 


N: Su re 
dero Us zh c? Sas U سل‎ RU PaE" Up 


R (Moo ፦ 


m 
-ኤ 
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Thus the first and the last terms in (25) cancel one action The 


same happens with the two remaining terms if we assume the pro- 3 
portionality of p a s"*. that is, the و‎ iay E 
; 3 
ub == y se E (28) 3 
with an arbitrary value of x (not 809018 FE to sjm,,c). In ps 1 
from (22) we get : : 
Gi ppg ECU E Q9) ንዝ 
`, :and multiplying (21) by SE and (22) by u¿F*, we get 
Ee Tu | 
E | | 27 Sep = Ge ug F¥ = s, «Feu, i. So) 
“The comparisón of the two preceding equations leads to the. result አ 
Nee above, and hence to > As " | 
Moo =0, Lf, y Ae ና | i en ኣርን w 


| ge „6, th the dynamics of و‎ the elle Y of a partioles ۱ y 
oints in general in another direction than its momentum G. However, | 
ጋ we can formally introduce a new vector Y connected in the same way 
MED th G as the velocity is connected. with the linear momentum in the — | 
d spinless dynamics. We may call then. € (as defined by the world. ` 
፲ the pod the TERES aS uon and. ኘ es defined. by. E 


n uses. M same terms in another "meaning. 
new by the WBA: xe 2 j rcs 
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‘of the the circle» (in which G —0).* It is connected with M by the 
following relation, which is a direct consequence of (33) and (34) 


ን 1 | (35): 


Taking into account (32), (83) and (35) we get from E) the 
following relation between m, and M, 


M. y Y 
ae vèie? ae c? | “ig eo 


Obviously, all the formulae of this section are independent of 
the relation existing between $ and V as they are merely the conse- | 
‘quence of our initial assumption of the validity of the SA -mo- 
mentum principle. ac. rss 

7. This section contains a list of the equations of the RUE Ai 
- of spin-particles in three-dimensional vector form. To simplify matters 
-c has been throughout put equal to unity.? The numbers on the left 
point to the four-dimensional tensor equations from which the cor- 
‘responding vector equations have been derived. y stands for 1/11 — v?. + 


q=? x$, vas br i EN‏ ۱ و 
ሙ= ር ቨን BBR 48‏ بر هب )8( 


09). ze f) + v (8), 0659. 


0). woMcsEG ve Que = 
Bo ONE AS ALARA 
B 3 | u 10 2-۱۲ 2 vit x H— ኮ።ጅ | 
RENE ۱ HU axê ار‎ eon 


. (2 W = M= moy — ję a: bei a „ME d 2 
۱ a my = (M— 6-0), : 
|o LE B= -const. 


f; ^ 


a Kart These “denominations are" PE eo. n" so en as Er w 
set to be the O apd. eG = = Me? 2 r y of 1 
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۱ From (42) and (37) we can draw still another relation between 
G and $, namely j 
G= ee ax Bl (47) 
It is equivalent to the previously found relation (43) thanks to (41). 
(45) and (46). 
` - Equation (45) is only another form of equation (36). 
The second term on the right-hand p of (44), which may be 
written in the form 


has been called by Mathisson «acceleration energy» (Beschleuni- 
 gungsenergie). For a free particle in the rest-system of the circle it is 
constant and negative. 

8. The general solution of the equations of motion of a free par- | 
ticle is directly apparent from (47), or from (43) jogina with 45): 
im a e of reference in which G vanishes 


ST a Mat + ¿ax ን eo EE (By. 
just as in I (39). The motion. is then a Te circular motion in | 
ECT plane. perpendicular to 8 (which. is constant); the radius and whee (S 
ር angular velocity were given in I. The sense of the motion om the circle. | 
is such that the moment of the velocity with respect to the center | 

of the circle points in a direction opposite to that of 8. ۱ ` E 
pg In any other inertial system of reference. the path may be E 21 
SENA ^ 


IL LENA 
"n wre e ረታ 


85 a distorted screw-motion, if it does not happen to be plane. ; 
latter case $, which remains perpendicular to the plane of 
ias a cons ant just ENT but, ‘its Puer is variable accord- | ነ 


MT s 


2 decet E : d : ۳ : 

AO .. oc 1 ; یت‎ ፲ 
Eo m Further Contributions to the Dynamics of aS 33 ( 
E Roc: ۳ rá 3 

E 9. It was already shown that m,, is a constant of motion, so, 

is the magnitude of sb, 1. e. the square root of 


i sob SB se Ą s=5,* == const. (50) 


This becomes evident if we multiply (21) by s a and ialie into account 
(7) and (28). ° 
We may also infer from (7) that 


sle? st] = o, | (51) 


۲ 


which is the condition of flatness * of the bivector sé: in fact, the - M = 
left-hand side expression in (51) is the square root of the determinant E 

of the four homogeneous equations (7). : e RAA 
10, We know already that our equations of motion are equivalent NIS 
10 the Frenkel-Mathisson equation I (29), which is a differential equa- | 
tion of the third order for the (x*)s.* Therefore, to determine the 
motion of a spin-particle not only its imitial position and MESE 
should be given, but also its initial acceleration; this departs so much _ 
from all one may expect of the behaviour of a material particle that 
we are drawn to the conclusion that not the singularity of the gravi- 
tational field itself, but only its mean position — or, in our case, the 
ሠው circle on a: it moves — dus to be considered as repren 


- pression p by S cho ate e EE if it can] he re epresented’ as an aller 
2 Of two vectors. A generik D We a four- dimensional Minkows 
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FURTHER CONTRIBUTIONS TO THE DYNAMICS OF SPIN- 
PARTICLES MOVING WITH THE VELOCITY OF LIGHT* 


By Jan WEYSSENHOFE, Institute of Theoretical Physics, Jagellonian 
University, Kraków. 

1. In two previous papers written with the late Mr. A. Raabe* 

we deduced among other things the relativistic equatiops of motion of 

a spin-particle moving with the velocity of light. First, in I, we found - 

Ihe equations of motion of a spin-particle moving with a velocity 

smaller than that of light by integrating the equations of motion of 


. a spin-fluid over an infinitesimal volume of that fluid. Secondly, in II, 


A we changed the parameter along the world-line of the particle from 7, = 
. the proper time of the particle, to an arbitraty. parameter p, leaving 
the world line of the particle unaltered, and distorted afterwards the _ 


world line in such a way as to make it ANI d to the cor-. 
x responding light-cone. Te 

. . The same results may be ise obtained ina simpler way. mo 

> ae passing erd me ME of a TEN we ER write et = 
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Multiplying (2) by w;, and taking into consideration that 
WW == 0, we get 


a 1 Ab ۱ 
mw Tos P wg e o, (4) 
where 
: ee 
ከ3 G w*. (5) 


In the corresponding equation I (27) referring to the first case?, the 
right-hand member of (4) was equal to G^; and I (27) gave the four- 
dimensional expression of the relation between G^ and u*. Here G* 
disappeared from (4)? and now it does not seem possible to eliminate 
G* from the equations (1)—(4), and thus to get a differential equation 
of the third order for x* corresponding to Mathisson’s equation I 
(29). However, the equations,of motion of a free particle can be solved 
in a similar way, and.the results are very much the same, as was 
shown in II, Section 6. 

3. As we know from II, Section 7, the equations (2) and (3) 
remain valid for a particle in an electromagnetic field, and only the 
equation (1) is changed and goes over into _ BSE 


G^ = Fog wf. (6) 


This is an important simplification in comparison with the first 
case, in which not only a rather complicated- term appears in the 
equation corresponding to (6) but also equation (2) has a less simple 
form. re EE و‎ 

4. It was shown in I and III that in the first case two different - 
anasses may be introduced which become identical when the spin" 
vanishes (as a consequence of the fact that the 4-vector of linear 
momentum and energy is then proportional to the four-dimensional . . 
velocity). Here, in the second case, only one of: those masses, namely t 


x-J|-iee | E 


may have a physical significance, as the second one, defined as 
— G, w*[e?is a «scalar depending on the parametrization» and G,u* - 
is infinite. 


۷ چس 


2 Cf. U, Section 2. | o: A A 
3 But nevertheless there exist in the second case also a three-dimensional" i 
` relation between G and የ (see eq. (16) below). In the first case there are two 
equivalent relations between the linear momentum and the velocity of ከር t 
. Spin-particle, a four-dimensional one: 1(27), and a three-dimensional one: Ma3) 5 


Bon 111(47). - መመመ SASKA DZY”: 


/ 
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It is obvious that the relations between G^, M, M, and V referred 
to im III, Section 6 apply also in the present case, as they are only 
dependent upon the laws of conservation of momentum and A 
on whieh both our theories have been founded. 

5. This Section contains a list of the equations of the dynamics 
of spin-particles moving with the velocity of light, in three-dimen- 
sional vector form. These equations are here given not in their most 
general form, but for p =t; the use of the time t as parameter was 
considered in IL, Section 5. w* a «vector depending on the parame- 
trization» is then replaced by the «pseudovector» v*. and the three- 
dimensional formulae take a simpler form, as v* = c and v* = o; more- 
over, the components of the pseudovector v* possess a direct physical 
meaning. The numbers in parantheses written on the left of each of 
the equations below refer to the four-dimensional equation from which 
the corresponding three-dimensional one'has been derived. 


E. A, ما رم‎ ^ > 
tbs G=<E+ Vx A EE: ን 
(1) A ee (9) 
- OX EMG | a ብ 
= == (6 MN MV DAS 


where M=Gi/c as in III (33), . - 
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Equation (16) expresses the aforesaid relation between the ve- 
locity and the momentum, ci. reference (3). 

Calculating G XV from (16), and. comparing the result with (10), 
we get 

VS Sero; (18) 

as ۷۰5 — o, because of (10), and à: =o, by differentiating the re- 
lation Y: ዣ= 65. 

Since Y remains here always perpendicular to $ (not only in the 


rest-system of the circle as in the first case) we have from (12) q— s, 


and therefore 
58 = s qi o, (19) 
a result already obtained by a different method in II, Section 8. 
Differentiating (18) with respect to t, we have 
SSE O, (20) 


as ۷۲۰5 =o by (10). Thus the spin vector remains perpendicular not 
only to the velocity but also to the acceleration. 
From (13) we can now obtain the formula 


A— r 1X8. (21) ۰ 


Comparing this with (12) we see that the vectors q and á are parallel 
and have the same direction (when m> o). 


With the help of (18) and (20) we can deduce the following . 


Jormulae, supplementary in a certain sense to (12) and (21), 


E SH Or | 
و‎ Cum nóż de (22) 
P In AES TU 
= — | L————— x ^ 
8 ርባ - oid Y (23). 
Finally, we may notice that in the case of a tree particle GSR O, 


owing to (10), and hence, since G is a constant, 


_G:$=const. ለመ ou. 
More peral (24) holds good ioi every plane motion since in that” 


case ያ 


$x8—(6:8)0 ' (25) - 


as can be seen from (10) and (18), and since by (18) and (20) 8 has | 
than a constant direction perpendicular to the plane of the KORA 
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the left-hand member of (25) vanishes, and so does G.s (as v is dif- ۰ 


ferent from zero). 

6. In the proper system of the circle, X, (which has been defined 
as an inertial system in which 6 = 0), m = M, by (15) and $= const. 
by (10). Equation (13) becomes then identical with equation II (25), 
by means of which the general solution of the equations of motion 
of a free spin-particle moving with the velocity of light were found 
in II. In X, such a particle travels uniformly along a stationary circle 
in a plane perpendicular-to 8, the sense of the motion being such that 
the moment of velocity with respect to the center of the circle is 
antiparallel to 8. If we imagine instead of the point singularity an: 
infinitely small rotating sphere producing by its rotation the angular 
momentum $, the rotation of the sphere about its axis and its motion 
along the circle will take place in opposite directioms. 

In Mathisson’ method (as in every similar method of 
deducing the equations of motion of a point singularity from the 
differential equations of the gravitational field) a world tube is con- 
structed cutting out a certain neighbourhood of the world-line of the 
singularity, outside which the field is to be at any rate regular. In our 
case all depends on whether the transversal dimensions of that tube 
are small or large in comparison with r,, the proper radius of the 
circle. In the first instance, which should correspond to what 
Mathisson has worked out, this tube in four-dimensional space 
takes the form of a srew-line and does not tend to a geodetic line 
when its transverse dimensions decrease indefinitely and approach 
zero as a limit. Whereas in the second instance the tube, containing 
now the whole circle, may run in general much more ከ ከከ and 
have approximately the shape of a geodetic line. 


7. As previously noticed, the transition from the first case to the 
second one cannot be performed by merely accelerating the spin- 
particle up to the velocity of light, the rest-mass m, and the rest-spin 
s, remaining constant. However, we may consider that transition from. 
a purely mathematical point of view as a transition from v<c to 
v=c¢ ih such a way that all the components of G* and of s* should 
remain finite; for example, we may set in an arbitrary chosen frame: 
of reference: û& =o, § = const. and M= G'jc = const. 

It seems worth mentioning that the rest-mass m, of the spin. 
particle tends hereby to infinity, and not to zero, as is the case with 
- photons. The rest-mass of a photon is always taken to be zero, as the 
energy of a particle with finite rest-mass (and without spin) moving: 
with the velocity of ር would be infinite. Here, howeyer, the ex- 


M 


w,w® “0 | (27) 2 
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pression for the energy of a spin-particle moving with a velocity 
۷۲ > ር consists of two terms (cf. III (44)): 


2 M 1 


and since for v tending to c the second term in parentheses * tends 
to ተ co so must the first one too. in order that W may remain finite. 
This can be seen also from the relation III (36) between M, and m,. 

On the other hand, s, approaches zero 85 a limit when v tends to c; 
in a special case this may be inferred from III (49), and generally by 
comparison of III (50) with (19) of this paper. 

8. Now we shall approach the question of the constants of motion 
of our system of equations. We have to distinguish between two: kinds 
of such quantities; both are constant along the world line of the par- 
ticle in virtue of the equations of motion, but while the quantities of 
the first kind may acquire arbitrary constant values, those of the 
second kind are always equal to zero (or to another fixed number). 

In the first case there are two constants of motion of the first 
kind, namely m, and s,. Neither of these quantities exists in the second 
case, and m, which superseded m,, is a «scalar depending on the para- 
metrization» and as such it could only be maid constant by a special 
choice of the parameter (see Section 10 below), but this constancy 
could not have any direct physical meaning. 

In the-next Section M, s, will prove to be constant. So far as 
I can see it is the only constant of the first kind in the second case. 
M, and s, by themselves are only. approximately constant under 
certain conditions which will be discussed in the next po 

To the second Eno belongs 


A 


if we take (1)—(4) as the fundamental equations of our dynamics 
„(and not (1)—(3) together with (27) from which (4) has been derived 


in Section 1). To establish this result we multiply (4) by w, and taking —— | 


(3) into account obtain mw,w^- 0; since m is different from Zero 
(cf. IL reference (*)) (27) follows. a 
The bivector la satisfies the following relations: 


Sib — 0 | (81). mio. > >= BAN 


T saß መሃ o (28.3) ۱ sif]. żeń 5 | e 60 3 


ይ ር 
4 In the limit a and q tend to become parallel and different. from zero, | 


as can be seen from (12) and (21). 
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The first of these was assumed at the very beginning as the con- 
dition of non-existence of negative mass. The fourth follows imme- 
diately therefrom, since the determinant. of the four homogeneous 
equations (28. 1), which obviously must vanish, is equal to the square 
of the expression on the left-hand side of (28. 4). Equation (28,2) may 
be deduced from (28. 4) and (4) as follows: 


m 81** wyl = — E si* srew,—o (29) 


as it is easy to verify that owing to the antisymmetry of s* 
s[*P ۲15و‎ == gle? sve]. 


Finally, the relation (28. 3), which has been proved already by 
other methods (cf. (19) and II (33)), is also an immediate consequence 
of (28. 1), (28. 2) and (3) as 


Saf sb wł = Sap (SP wY + sPt w* ود‎ wb) — 3 Sap sl wYl-o. (30) 


The geometrical interpretation in four-dimensional Minkow- 
skian space of the relations (28) is as follows. (28. 4) expresses the fact - 
that s* is a flat, or one-sheet, bivector, i. e., that it may be written 
as am alternating product of two (perpendicular) 4-vectors. (28.1) is 
the condition that w* should be perpendicular to the plane of s*, and 
(28.2) that it should lie in that plane, both these conditions being 
obviously compatible for an isotropic vector only. Finally, (28.3) ex- 
presses the fact that s% is isotropic, that is, that it lies in a tangent 

' plane to the absolute cone. : = 
_. The physical significance of the first two relations (28) may be 
also worth mentioning. If the particle possess a magneto-electric mo- 


‘a ©. ment ዜኖ proportional to s**, we may write instead of (28. 1) and (28. 2) 
= $ jas os pówę=o ple wi =o. op (DS 


_ The same relations with the four-dimensional velocity u* in place of 
.. W° were interpreted in III, Section 3 as giving the condition that p?? - 
Should be respectively «purely magnetic» and «purely electric», that 

SE is, that in the rest-system of the particle - the electric and the magnetic 
. moments respectively should vanish; incidentally, that would imply 
. - ከር vanishing of 1%, Here no rest-system of the particle exists, as the 


particle travels with the velocity of light, and both conditions (31) 
| may be satisfied simultaneously. Moreover, (27) is an immediate con- - 
. sequence of the relations (31), as can be readily ‘seen by multiplying - 


ve 


3 th second one by w and allowing for the first one. 


$ 


= یراجت‎ Sy WS = o. (35) ۱ 


10. The parameter x. The quantity m given by (5) being a «scalar dos 
depending on the parametrization», its variability along the world. 
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9. In the first case, the rest moment s, was a constant, as a result 
Of وید‎ 5 s% being a non-vanishing constant of OUS Here وک‎ 5 s* js also 
a constant of motion, which may .be seen from (3) and the equation 
resulting from (2) on multiplication by s ag; but moreover this con- 
stant is zero, and hence the only conclusion we can draw from (19) 
is that q=s in every inertial frame of reference. 
However, there exists a certain invariant value of s, namely 
«s in the inertial frame of reference in which 6 vanishes», that is Se. 
The question arises if s, is a constant of motion. We are now going 
to prove that 
Me se = const. (32) 


and thus the answer to the above question depends on whether M, 
is a constant of motion or not. In the next paper M, will be shown to 
be only approximately constant. 

First, we shall prove that the magnitude of the 4-vector s,¢ GÊ is 
constant, 1. e. that 
Sap GF = const. (33) 


In fact, half the derivative with respect to p of the square of that 
magnitude is (for c — 1) 
55 G? SA G, +s G) = S45 GP(G* wi — Gtw*) G, + Es” Fy We = 
= 5 ور[‎ Sap ۷ st. G— o. (384) 


The second equality follows from (3) and the antisymmetry of s*, 
the third is a consequence of (28. 2) and (3) since 


y il n a : ES G 
Eg Sas W^ s^! وی‎ WS = 2 ፻ a(w ar wis 


Thus (33) is established. To prove (32) it is now sufficient to remark 
that the magnitude of the 4-vector s„4 GF is equal to M.se (since in the 
proper system of the circle /G* o, s op G reduces to one i 
$,,G* =(qM,|o) and q=s by (19). 


Alternatively, the theorem (32) might be established by provea 4 


in a similar way that 


ያ [s[e Gi) = const, 3 (36) 


the magnitude of the above trivector being also equal to M, sę. 


1 
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line of the particle also depends on that parametrization. By a suitable 
choice of the parameter, m may be made constant, the value of that 
constant being, of course, quite arbitrary; we shall denote it by ne Y 
Thus, putting c=1, we define the new parameter 7 by the following 
- equation: 
— G, = TT R (37) 
01 
G,dx? E 
de —, (38) A 


n 


Obviously x is thus defined to within an arbitrary linear trans- - | 
formation. Alternatively, we can write instead of (38) | 


a با‎ ME (39) 

E dp n 

ES and for p —t à “ያመ ESE ۱ 
E dr Gv’ | MAE 


Ss a free particle in the rest system of the. circle we ን 3 
اد‎ OF Gt: =M, = const, and hence 17/01 =M,/n or 


AE 4 

eu 

We see, "that the special parameter mis "e RAE the a» 

E «proper time of the circle», that is the time coordinate t in the rest- "4 
S stem. of the circle, but it cannot be identified with- that proper j 
So long as no external forces act on the particle, both these — 


ant 


f». 


> are ተ Tea and oh ی‎ even be made d als 
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11. Because of (28. 4) the bivector s* is flat, and may be therefore 
put àn the form of an alternating product of.two orthogonal 4-vectors. 
Let us write therefore 


(2 2 
s* — a*bf — afb“, gh > 0; (42) 
whence 
1 ፳ T 
9 Sap S “Aa, a” . bgb*, (43) 


and as by (28.3) the bivector 5” is isotropic the above expressions: 
vanish and one of the two vectors 8* and b? must be isotropic. Both 
could not be, since they are orthogonal, and two orthogonal and iso- 
tropic 4-vectors in Minkowskian space are easily proved to be pa- 
rallel, which cannot be the case here as s“ would then vanish. So 
let b” be the isotropic vector, then, thanks to (28. 1) and the theorem: 
juststated, b is parallel to w^, and we may write instead of (42) 
(after multiplication of a^ by a suitable factor) 


sÊ = a*w* — af w”, (44) 
Thus all the four relations (28) are satisfied. Yet we may.go-still 
a step further and identify a^ with a multiple of w”. To this end, let 
us differentiate (44) with respect to p, and compare the result with (2). 
We have 

X^ we — Xéw* — a*w'? — abw”, (45) 
where 
X* == (37 --- 87, 


and hence w* hes in the plane of the 4-vectors a? and w'*. We may 
. write therefore 


a* = Aw" + Bw. : | (40) - 
ee in (44), ^ we get finally | a 
s = 9[ (ww? — ኽ*). 42 E 
Here A is a «scalar depending on the parametrization»: O a E 
12. In this last Section we shall find an expression. ign 3l together | v; ; 


with some further interesting formulae. 

۱ Differentiating (5) with respect to P and bearing in mind that, 
in ure of (6), | | RE Ee 

| ። Gaw*= o, TER E 

E e have ee ieee 
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Multiplying (47) by w and inserting in (4) we have 
5 1 aß DS A Je 
mw ری وج‎ W Be OW 


Hence 
mc? 


MM = 


Multiplying (47) by Gg, we have, thanks to (5) and (49), | E 
| s% Gg = — Ac? (mw'* + mw") © ሥሠ... 


and so $ 
1 
c? 


s% Gg 2 M?s? = P chntw, w^. | . (53) ሪሽ 


| Combining (51) and (53) we have 


uS : Mist > = ę R E 63. 3 
in = irom (54) we get aie interesting 1 formula | 


$ 2 ge 


EM: Mo Se a 
E ut wi DO en 


o 


45. 


cac iE M ur | (02) 


Thé comparison of this r esult with equation (55) proves once: 
more the constancy of M, se. 
j All the above formulae and calculations may be simplified by er 
ES introducing the special parameter x defined in sepe 10. In that casera au 


m=n=cont, ሸ=ዐ . — = [s 
died A, the ቸን depending on the parametrization» beco omes a con- 


stant. 


o 
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ON TWO RELATIVISTIC MODELS OF DIRAC’S ELECTRON* 


By Jan WEYSSENHOFF, Institute of Theoretical Physics, Jagellonian 
University, Kraków. 


1. The view has been often expressed that some at least of the 
difficulties of the present quantum theory of fields arise from. the 
inadequatness of the underlying «classical model», rather than from 
the inadequatness of the methods 'of quantization. Possibly the same 
may be true of Dirac's theory of the spinning electron. The diffi- 
culties there encountered are probably more a matter of interpretation 
than of the equation used being defective. Perhaps some progress 
might be made by substituting a spin-particle obeying the laws of re- 
lativistic dynamics to a spinless particle, used as starting point by 
Dirac. Of course, the quantization would then have to be performed 
in another way, as (2), the equations of motion are reducible to 
a differential equation of the third order (or at least intimately con- 
nected with such an equation), and cannot be brought to the cano- 
nical Hamiltonian form (at any rate if no auxiliary variables are in- 
troduced), and (b), the spin of the particle has been introduced 
beforehand, previously to the quantization, and does not appear only 
as an eventual byproduct of that quantization. ۱ 

We shall see presently that there exist at least two different 
relativistic models of a material particle with spin, corresponding to 
the first and second cases dealt with in my previous papers. The 


second model seems to be by far the more interesting, but, as the first 


present also some advantages of its own, both models will be discussed 
here. However, before entering upon the subject proper it may be 
well to insert some remarks concerning the radiation of a moving 
point-charge carrying a magnetic moment. X 

2. According to classical electrodynamics an electric point- 
charge £, where e is the charge of an electron, travelling with the 
enormous frequency of Schrödingers Zitterbewegung along 
a circle the diameter of which would be of the order of h/m,c would 
radiate with a very high intensity. It is true that a classical model 
cannot be expected to give a fair account of the radiation emitted 


| " See I, reference (*). The four preceding papers will be designated hence- | 
forth by I, II, III and IV. ۱ : s ; . 
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by an electron, but such large radiation without counterpart in nature 
would render any correspondence between classical and quantum 
theoretical behaviour of an electron impossible. I remarked as long 
ago as 1938 (1) that the situation changes radically if one takes into 
account not only the charge of an electron but also its magnetic mo- 
ment. It can than happen that, under suitable conditions, the radiation 
due to the revolving magnetic dipole cancels, approximately at least, 
the radiation emitted by the revolving point-charge. The argument 
presented in 1938 was carried through in non-relastivistic approxi- 
mation only, but it can be applied also in the general case, if we inter- 
pret all the quantities involved as referring to the «rest-system of the 
circle». This improvement is necessary to draw the conclusions aimed 
at in the present Section. 

For the convenience of the reader I repeat here the argument 
of 1958 with only slight modifications. We know that a magnetic dipole 
with a moment û moving with the velocity ¥ produces an electric 
moment 
3 ር 3 


Suppose such a magnetic dipole carrying an electric charge e to be 
in uniform motion around a circular orbit of radius r, the angular 
velocity being w and the dipole axis remaining perpendicular to the 
plane of the circle, the electric moment (1) will then be directed along 
the radius vector of the particle. If we put 
ET E (2) 
oł 
and assume that the sense of motion is such as to produce a- magnetic 
moment opposite to [i (and hence an electric moment pointing inwards 
for £7 0 and outwards in the opposite case), the action of the resulting 
electric moment will be equivalent, at sufficiently distant points, to 
that of a charge +e in the centre of the circle and a charge —e on - 
the particle. The action of the moving electric charge willbe thus 
compensated, and there will remain only a charge +e at rest in the 
* centre of the circle. Hence, at large distances, there will remain only - 
an electrostatic field and the radiation will disappear. Putting v= our 


Eee we 6 from (1) and (2), for the ratio of the magnetic N 
| > | 


moment to the angular momentum of the particle 


| „ak = | ZA 
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Hitherto all the formulae were valid for both cases alike, as 
o = Mc/s in both cases if all symbols are understood to represent 
quantities in the rest-system of the circle. From now on we must 
discern the two possibilities. 

In the first case 

MES : (4) 
11 — ۶ 
m, is a constant representing the-rest-mass of the electron, and as . 
for an electron x =e/m,c we see that the condition of vanishing ra- 
diation is omly satisfied for infinitesimal velocities (on the circle in 
its rest-system), that is, for an infinitesimal proper radius Fe. 

In the second case, as we shall see presently, M itself has to be 
put equal to the mass of-an electron and (3) is always satisfied. 

3. The first model mentioned above is very much the same as 
the one considered as far back as 1926 by Thomas and Frenkel. 
Our results in I and III together with the contents of the preceding 
Section suggest however a slightly different interpretation of its 
behaviour. The equations of motion considered hitherto did not take 
into account the reaction force of the radiation; according to them 
the motion of the particle. comsisted, broadly speaking, of a motion 
along a geodetic line together with a superimposed circular motion 
of proper radius r, As these equations are equivalent to a diffe- 
rential equation of the third order, the general solution is far more 
complicated than in the case of a particle without spin. But, the reac- 
tion of the radiation, instead of still further complicating the motion, 
simplifies it materially, as it does not allow the circular motion to 
develop, an the spin-particle is again moving along a geodetic line 
or, at least, infinitely near to it. We can also express this fact by 
saying that the proper radius of the circle is infinitely small. 

The chief advantage of this first model over the second omne 


consists in the fact that — as was shown in detail by Frenkel — 


dt gives a fair account of the behaviour of a spinning electron in 
a magnetic field (in so far as we really know how such an electron 
should behave classically). 

Besides that one superiority the first model does not possess 
any other over the second one; in particular, it does not show so many 


- striking analogies with the behaviour of D irac's electron. Before 
. passing to the consideration of the latter, one more remark may be 
added. There exists a close analogy between both models; though in | 


the second case the proper radius of the circle has a finite value 


_h/2M,<, it is obvious that this radius must be considered as «unobser- . 


It will be shown in a subsequent paper that the mean position of a quadrupole 
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` vable», or, in other words, that the consequence drawn from the 


second model have a physical meaming only in so far as this radius 
may be considered as infinitely small. 


4. The second model consists of a point singularity moving with 
the velocity of light according to [ከ6 laws exposed in II and IV. The 
essential point however is that it is not the singulariy itself, but rather 
its mean position — or the small circle on which it moves in an 
appropriately chosen frame of reference — which has to be considered 
as representing the electron. 

We say «electron» as we shall discuss here especially the ana- 
logies of our model with D ira cs theory of the electron, but it seems 
probable that all elementary particles endowed with spin * must have 
the same classical model and it is only by the process of quantization 
that the individuality of different sorts of particles is brought in. 


5. We shall now enumerate and discuss some analogies and some 
promising differences between our relativistic model of an electron 
and its quantum-mechanical counterpart. 

(a) The momentum G ceases to be parallel to ና just as in the 
theory of Dirac where the momentum and the velocity have 
different operators. 

(b) The magnitude of the «kinematical velocity» Y is always c; 
the values of its components in any direction range between —c and 
+c. In Dir acs theory the eigenvalues of the operators of the velocity 
components 023, CXy, Ca, are + c. The correspondence between the 
classical and the quantum theoretical behaviour às just the same- as 
with the spin vector and its components. 2 

. Notice that we were led, in IV, to introduce also another concept 


of velocity, called «dynamical velocity». Schródinger (2, 1930) 


has done almost the same in the theory of the Dirac electron; he 
calls that new velocity «macrovelocity», in contradistinction to v, the 


«micro velocity ». 


(c) In both theories the moments of the linear momentum are 
not constants of motion by themselves but they may be supplemented 


in such a way as to acquire that property; the additional Terms involve > 


the vector of angular momentum, or its operator, which are thus 
introduced in a very similar manner. ER. 


7 


1 If the singularities representing them do not contain in addition to gra- 
vitational unipoles and dipoles also gravitational quadrupoles, octupoles, etc. 


singularity moves also along a geodetic line. 
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It could rightly be objected that the above analogies are not 
convincing, as our model was expressly constructed to bring them 
about. This is not altogether true, as it seems already interesting 
enough that this could have been done in so natural a way. At any 
rate the following analogies are free from those objections, as they 
follow automatically from the initial assumptions. 


6. (d) If we put M, equal to the mass of an electron and s, equal 
to h/2, as it is the case with an electron, then the frequency of the 
rotation around the circle (in the rest-system of the circle) will be 
just equal to the frequency of Schrödingers Zitterbewegung. 

(e) Under the above conditions the proper diameter of the circle 


ቪር | (5)‏ = م2 
becomes equal to the well-known «wave-length of the Compton shift».‏ 
It is the wave length which would be produced if the energy of an‏ 
electron were transformed entirely into a photon; moreover, it is the‏ 
maximum accuracy with which the position of a particle of mass M.‏ 
may be ascertained. This last result fits nicely into our theory as‏ 
we are bound to admit that the motion of the singularity around the‏ 
Circle is unobservable and that it is only the circle as a whole which‏ 
plays the role of an electron. The amplitude of the Zitterbewegung‏ 
has the same order of magnitude as the radius of the circle in our‏ 
case. :‏ 

(f) Two isotropic tensors, w”, for which w,w* =o, and s”, for 
which s, s* =o, play a dominant role in our theory. It may be in- 
teresting to remark that isotropic four-vectors as well as isotropic 
four-dimensional bivectors are closely connected-with spinors. 


7. (g) The motion of the spin-singularity in an electromagnetic 
11610 is far more complicated than in a field-free space, but as a first 
approximation, if the intensity of the field is small enough, we may go 
on speaking of a motion on a circle even in an eléctro-magnetic field, 
the circle beifig subject to a small acceleration as a whole and to slight 
deformations. Obviously, the inequality to be fulfilled by the intensity 
of the field may be obtained by expressing the fact that in the rest- 
system of the circle the displacement of the center of the circle during 
the time of one revolution 

RR TU 
1 በግም s M.c? i (6) 


Two Relativistic Models of Dirac's Electron ol 


should be vanishingly small in comparison with the proper Teas of 
the circle 


2 M.c 
epe (7) 


It is easy to prove that the acceleration of the center of the 
circle in not too strong electromagnetic fields is the same as for an 
electric point-charge without spin. Hence, we can write 


Mi “311 ۲ -(8) 


or, omitting the irrelevant factor r?, 


Mo i cC. (9) : 


Curiously enough it is just the same inequality which presents 
itself in Dirac's theory of the electron as the condition of no jumps 
irom positive to negative energy states. It is found there by expressing 
the fact that the change of the potential energy of an electron over 
distances of the order of magnitude h/M.c should be very small in 

comparison with M,c?, i. e. 


Oh 
EE. Mc ደው | (10) 
This inequality is equivalent to (9)? ` = 
It may be also written in an invariant form, as follows: = 
Mo zg << Mec? (11) 


8. ኮነ Variability of mass and pair production. Strictly speaking 
all what has been said hitherto lacks real foundation so long as we pt 
have mot yet proved that M, is a constant of motion and that it may — - 
: therefore be put.equal to the mass of an electron. A 
Im IV it was only proved that 


M,s, = const., | FANS 

my > Cl, 1.. de: Broglie, L L'electron magnetique, Par.s 1934, p. 289. De AZ ] 
lie writes: «Ce résultat conduit á penser que s'il on pouvait s'interdire de con- _ ۱ 
` sidérer des distances spatiales inférieures à h/m,c, on parviendrait peut- -être 


e éliminer les ondes à énergie négatives». 


za. 


ቸክ 


negative, but we shall prove now that M, is pU SEE constant " 


in a> s, has been 1 put equal to hp. ‘The proof runs as follows. 


ES e DOE do a ረ... eae 


SERO Pn ۱ S = y if = 
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and it can be easily shown that M, and s, separately are not constant. 
At first sight this state of affairs could seem a serious drawback of 
the present theory, but at closer inspection it turns out to be one of 
its most attractive features, as we shall prove immediately that M, is. 
approximately constant if the field through which the electron passes 
do not change to abruptly, and that the variability of mass is intima- 
tely connected with the production of pairs. 

Let us put the question in the following way. At the outset, let 
the electron move in a field-free space; it is than represented by 
a circle of constant proper radius re, constant mass M., and, thanks 
to (12), constant magnitude of angular momentum s, — all these quan- 
tities measured in the rest-system of the circle. They are linked 
together by the equation 


SOGNO EN 
re ps - ۱ ([3 


i E .Now, let the electron enter an electromagnetic field and after . 


መ remaining there for a while get out of it into a field-free space again. 
a There, it becomes once more a regular circle (the rest-system of which 
3 is in general different from what it has been before the passage through 
. the field). But do M; and hence r, and s, return to their previous 
values? Strictly speaking the answer to this question must be in the 


when the field nn; the following condition 
2M.c 


Ta Fig] << — | Fu | = La በዐ 


A gs G,= 2*6, —— LOT erm ME ሠ. w)= Fe sa 


= 


a8) E 
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equation does not depend on the choice of the arbitrary parameter p 
we may put p =t, and hence w= ነሺ To be sure that the sum on the 
right hand side of (15) is small enough, we must require that all its 
members should be small enough. Thus, remembering (6), we obtain 
the inequality.(14). 

This condition has a simple meaning in the theory of Dirac, 
at least when the external electromagnetic field is a plane mono- 


chromatic wave of frequency v. Then — / — ሃ/ር and a special case 


IX 
of (15) reads 
hy ረረ M.e. ۱ (16) 


Thus, we see that the condition of constancy of mass (14) is equi- 
valent to the condition of non-production of pairs. This is again a very 
sensible result. So long as we are very far from the possibilities of 
pair production the mass of the electron is constant. Of course, we get 
no sharp limit, as classical theories never give sharp ones. 

9. It is not at. all clear how the quantization of our relativistic 
model has to be performed. In any case, it will have to be done-in | 
a very different manner from the present one, as Schrödingers 
Zitterbewegung is a consequence of the superposition of states of po- 
sitive and states of negative energies, and to day we do imagine that 
a particle is either in a state of positive or in a state of negative energy, 
"whereas our circular model of an electron, being a model of the 
Zitterbewegung, must correspond simultaneously to states of PRE f 
and states of negative energies. 


۰ 
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A COUNTER APPARATUS FOR THE MEASUREMENTS OF. 
COSMIC RAYS 


By Marian MIESOWICZ and Leopold JURKIEWICZ, 
Physical Laboratory of the Mining Academy, Kraków. 
(Received April 19, 1947) 


For the measurements of the weak effects of cosmic rays, e. g. 
penetrating showers or the component of great depth, we must use 
G-M counters of large dimensions. They must stand long use, because 
the investigations last several months or more. We describe here the 
construction of counters of large dimensions, which can be made in 
any laboratory fairly simply, which are distinguished by mechanical 
solidity without being sealed in glass, and which have all the pro- 
perties of good counters with respect to plateau, efficiency, stabilitv 
during work, etc. 


The mechanical construction of the counters. 


The counter shown in fig. 1 is set up in a brass tube AA, which 
with the lid B and the collar C forms a cylindrical brass chamber 
used as a cathode. The central wire D, the anode, is fixed in a glass 
insulator E stretched from a small spring F through the centre of 
a glass tube G sealed into the collar C. Both these glass tubes enter 
the counter in order to prevent a discharge between the wire and - 
the near walls of the chamber. On the end of the glass tube G outside 
the chamber is a brass cap H in the centre of which the wire is fixed. 
After setting up the complete counter, we seal a glass tube to the 
brass cap in order to join the counter with the vacuum- and filling- 
. apparatus. This glass tube is sealed off afterwards. 

To make the counter vacuum-tight all joints, brass-brass and 
brass-glass, are sealed with tin (25 p. c. Pb). The glass tubes prepared 
for sealing with brass were chemically deposited with a thin film of 
platin (from H,PtClj* then electrolítically coppered and sealed - 

. with tin. 


! E. Angerer, Technische Kunstgriffe bei physikalischen Untersuchungen, 
. Sammlung Vieweg. 
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Before setting up the counter, all its brass parts were cleaned 
first with slacked lime, then with technical nitric acid, and then rinsed 
with water. This procedure was used because of the very bad state of 
the brass tubes. It has been ascertained that small deformations of 
tubes, such as their imperfect circularity or not quite coaxial position 


ዘ brass 
8 ebonite 


Fig. 1. Large counter for the measurements of cosmic rays. 


of the wire, do not influence visibly the behaviour of the counter. 
The counters were thoroughly evacuated before filling. As anode we 
have used a resistance wire (diameter 0,1 mm). The dimensions of one 
of the counters are indicated in fig. 1. 


Filling of the ۰ 


It is well known that one. Er counters filled with a gas 
or a mixture of gases and those filled with a gas mixed with an organic 
vapour. In the first type the discharge is-quenched by applying a high 
resistance (10°2 or more) or a radio tube in a circuit of the Neher- 
Harper type (1). In the other type, called «self-quenching», the reco- 
very of the counter takes place in consequence of the discharge itself, 
without the essential influence of the high resistance (2, 3). This se- 
: . cond type of counters is mostly used now in consequence of its | 
advantages over the first, and most frequently a mixture of argon and 
alcohol vapour is used. : ; 

We have investigated counters filled with pure vapour of aceton ; 
or alcohol to a pressure of 10 mm Hg. The counters with aceton vapour 


exhibited very good properties at first after filling. The threshold 


voltage of a counter of the dimensions shown in fig. 1 is about 1370 V, - 
the length of plateau 400— 600V, the efficiency > 98,5%. If. however 
they have been in action for a longer time they‘ ceased to work 
sony, uu the resistance of 10" ۵ m yorker well for about 
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a month, counting in this time about 107 pulses. Therefore they cannot 
be adopted for measurements over a longer period of time. 

The mixture mostly used in self-quenching counters is one of 
argon with alcohol-vapour. We have used this mixtures because now 
it may be considered as a normal mixture in counter-filling. * 

The counter reproduced in fig. 1 filled with alcohol vapour 
(absolute alcohol) under a pressure of 10 mm Hg and argon under 
a pressure of 90 mm Hg shows the following properties: 


The threshold voltage (indicated with an oscillograph) 1100 ۰ 


The lowest voltage of correct counting 1130 V. 
The length of plateau for resistance 10°Q about 400 ۷۰, 
d SEAN # " x TUTO" 3505V. 
: و‎ መዉ: x © > LOO: 2502: 


The plateau is meant as the voltage region in which the recorder gives 
constant count-rates and the pulses are singular. The number of counts 
without any radioactive substance is about 700/min. The above data 
refer to 10 counters filled simultaneously. The differences in the 
threshold voltages were not greater than 20 V. The length of the pla- 
teaus for all the ten counters was identical within our possibilities 
of estimation. As the counters filled with pure aceton vapour got 
spoiled after a certain time, we put the argon-alcohol counter under the 
influence of a small radioactive source giving in each counter about 
2.10۴ pulses[min. during 485 hours at 200 V above the threshold voltage 
with a resistance of 10°0. After the removal of the radioactive sub- 
stance the threshold voltage of the irradiated counter got about 70 V 


higher and the length of the plateau shrinked to about 200 V. The 
counter was still good enough to be used. 


Coincident circuits. 


| The resolving time for accidental coincidences of a conventional 
Rossi-circuit depends first of all on the following factors. (a) The 
grid resistance of the Rossi tube, (b) The grid voltage of this tube, 
(c) The voltage of the counter, (d) The grid voltage of the tube record- 
ing the coincidences (thyratron). This is the consequence of the fol- 
lowing circumstances: (a) The form of the pulse on the common 
anode depends on the time constant of the system connected with the 
grid of the Rossi tube. If the capacity of this system remains un- 
changed, this time-constant will depend only on the grid resistance. 


- መዳ 


2 We are greatly indebted to Prof. 


H. Niewodniczanski and Prof. 
. 4 Weyssenhoff for supply of argon. ML 3 nn 


Counter Apparatus for Cosmic Rays 37 


(5) The increase of the positive voltage within certain limits does 
not change the size of the pulse (in volts) on the anode, but narrows 
it in the upper part, according to the work-characteristic of the 
tube. (c) As the resolving time depends on the size of the pulse 
(in volts) the counter voltage influences it. (d) The pulses deriving 
from the accidental coincidences are not alwavs equal, since their size 


RIZ 


: 1 a2) 
Data for simple Rossi coincident circuit with resolving time 8.107 sec. Counter 
connected to point A”: R,=107Q, Rs =20k0, Ro =R,=250kQ, Ry =1 MQ, 
C; = 50 pF, C, = 500 pF, Vi = + 1300 V, V, =+4 V, V, = +115 V, Vio =+ 230 V 
Vin — 28 V; Vig = +150 V. 
Data for high-resolving power coincident circuit with a resolving time 1.1078 sec. 
Counter connected to point A: R, = 107 9, RR = Ry = R = R, = 50 KG; 
Rs = Re = Ry = Rig == 250 1:02) Re = 10:k0, Rives d Me C= C, == GERE 
Ci =500-pF, و۷ ,۷ #30 و۷‎ =-E5-V, Ns == —7 Vy Ve = +5 Vi Vi እን 
Va = Ve = و۷‎ = +-115 V, Vi ۷, = Vio — ተ250 V, Vis = DOV, 
T, = Tr = R.T. =AF7, Th = AC 560, Rec. Recorder. 


depends on the time interval between the pulses coming from both 
counters. These pulses are therefore generally smaller than the pulses 
of the real coincidences. In consequence we can bias the grid of the 


thyratron with negative voltage so that we may omit the smaller pulses. _ 2 


In relation to (c) we must still remark that the plateau of a single 


counter in a given circuit begins with a somewhat lower voltage than E 


the plateau obtained for. coincidences. The working voltage for | 
۱ counters, therefore, must not be too high but within the limits of e ug 
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plateau of the real coincidences. Taking these circumstances into 
account, we can, using the common Rossi circuit, attain the resolving 
time of 1.105 sec. without great difficulties. The right part of fig. 2 
separated from the rest by a dotted line shows such a simple circuit. 
It can be used as it is only when the pulses arriving to the grids of 
the Rossi tubes are equal, as for single counters connected with the 
grids; thus, if we want to use this circuit for sets of counters, we must 
equalize the pulses before they reach the grids. 

A further diminishing of the resolving time is possible by a further 
reduction of the grid resistance. As the reduction of the grid resistance, 
however, causes a diminishing in size of the pulse, this procedure is 
only possible with simultaneous amplification of the pulses. We ob- 
tain then with a strong reduction of the duration of the pulse a suf- 
ficient size for recording it. In general one stage of amplification with 
a penthode is enough in order to attain the resolving time of the 
range of 1.10% sec. We must then take positive pulses from the cathode 
of the counter. Because of greater conveniency, however, in working, 
with an earthed cathode, we added still another tube. This circuit with 
all its electric values is shown in fig. 2°. The resolving time of this 
circuit is 1.10 sec. Its great advantage is that the pulses coming to the 
grids of the Rossi tubes are equalised by the two first stages of ampli- 
fication. ` 

We are greatly indebted to the Rector of the Mining Academy 
of Cracow Dr W. Goetel for his interest during the execution of 
this work and for financial assistance, and to Professor M. Jezew- 
ski for generous provision of the necessary facilities which enabled 
the work to be performed. Our thanks are also due to Mr. S. Woj- 
tó w, a skilled mechanician of the Mining Academy, for his valuable 
help. 
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SIMPLE QUENCHING-CIRCUIT FOR G. M. COUNTERS. 


By J. WESOLOWSKI and B. MAKIET, Physical Institute 
of the Jagellonian University, Kraków 
(Received April 22, 1947) 


E. W. Yetter (1) proposed a quenching circuit containing one 
vacuum tube connected in series with the cylinder of the counter. As 
the author admits, the chief disadvantages of that circuit are: 
(a) varying potential of the cylinder, requiring shielding and insu-. 
lation if two or more counters are used, and (b) the low size of the 
negative ‘output pulse. In addition a negative bias must be applied 
to the control grid of the quenching tube. 

With the-circuit shown in Fig. 1 the cylinder of the counter is 
on a constant potential. NO 


negative 
pulse 


Fig. 1. Quenching Circuit Diagram. ZE 


If a sufficiently insulated filament transformer is available, each — 
` of the two high voltage supply terminals may be grounded. The prin- 
ciple of the operation of the circuit will be evident from the figure. 
A current resulting from the passage of an ionizing particle through 
the G.-M. counter causes a drop of potential across the vacuum tube 
and the resistor R. Since the potential at A, and therefore at the 
control grid, is then negative with respect to the cathode, the tube ۰ "AGA 
becomes non-conducting and the discharge stops. 


5 ነ 
ይ "እክ o y 
TR NA , N 
"m Toc à y 4 : 
AAS wd = EN e 


۰ ; : ED a 


^0 Us Wesolowski and B. Makiej 


Owing to the low value of the resistor R as difference of po- E 
tentials between the cathode and the grid vanishes quickly causing | 
complete recovery of the circuit. As shown by the cathode-ray oscil- 
lograph the recovery time of the system is of the order of 3 X 10+ sec. 

The advantages of the described circuit are: (1) The cylinder of 
the counter is on a constant potential (zero if required). (2) Similarly 
[0 the Yetters circuit, high potential is not applied across the vacuum 
tube and there is no constant current-drain from the high voltage 
supply. (3) No additional low voltage sources are needed. (4) The 
negative output pulses are of sufficiently high -size. : 

The authors wish to express their grateful MAC to Pro- 
[essor K. Zakrzewskifor the facilities given in the course of their | 
experiments. hi | = 
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AN ELECTRONIC VOLTAGE STABILIZER 


J, WESOLOWSKI, Physical Institute of the Jagellonian University, 
Kraków. 
(Received April 22, 1947) 


Several methods, have been proposed for the stabilization of 
the output voltage operating G.-M. counters. A great simplicity and 
high constancy offers the Neher-Pickerung (1) circuit in which, 
however, bias batteries must be used. 

The circuit described in this paper requires no batteries and 
maintains practically constant usual output voltage, even when the 
change of the input exceeds 50%. The circuit contains one penthode 
and two glow discharge tubes serving as-bias batteries substitutes. By 


du 


output 


Fig. 1. R,—R—3Xx10, 8, =2 ኦረ 105. R,—10, P=10% ohms; ፻ =05ፉ፻ኔ 
T —type A.F.7; Gy, G = glow discharge, Philips 4357.  -- 


= 


means of the variable resistor R, and the potentiometer P the cathode — 
of the tube is brought to a positive potential with respect to the point 


C and the control grid — to a slightly negative potential with respect. E 


int C and, therefore, the difference of potentials | es 3 


to the cathode. > i ; n ቶ፣ 

As is seen from Fig. 1, the action of the penthode consists im 
taking upon itself the fluctuation of the input voltage. If, for instance, 
- the input voltage increases, the potential of the cathode also increases 
. relatively to the po 


5 ገው 
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between the cathode. and the grid increases too. The tube becomes less 
conductive, and this in turn produces an increase of the difference of 
potentials between B and C. The output voltage, taken from the - 
points A and B, remains practically constant. SE A 


In conclusion the author wishes to acknowledge his indebtedness 


to Prof. K. Zakrzewski for his continued encouragement and to > 
Shank Mr.-J. Janik for his technical assistance. POZ 
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